The second generalized GK function fields Kn are a recently found family of maximal function fields over the finite field with q 2n elements, where q is a prime power and n ≥ 1 an odd integer. In this paper we construct many new maximal function fields by determining various Galois subfields of Kn. In case gcd(q + 1, n) = 1 and either q is even or q ≡ 1 (mod 4), we find a complete list of Galois subfields of Kn. Our construction adds several previously unknown genera to the genus spectrum of maximal curves.
Introduction
A function field F defined over a finite field with square cardinality is called maximal, if the Hasse-Weil bound is attained. More precisely, for a function field F of genus g(F ) over the finite field F Q 2 with Q 2 elements, the Hasse-Weil bound states that:
where N (F ) denotes the number of rational places N (F ) of F . For a maximal function field it then holds that N (F ) ≤ Q 2 + 1 + 2g(F )Q. An important example of a maximal function field is the Hermitian function field H over the finite field F q 2 . It can for example be defined as follows: H = F q 2 (x, y) with y q+1 = x q+1 − 1. The Hermitian curve has genus q(q − 1)/2 (in fact the largest possible genus for a maximal function field over F q 2 ) and a large automorphism group isomorphic to PGU (3, q) . Since a subfield of a maximal function field with the same field of constants is maximal by a theorem of Serre [18] , computing fixed fields of H of a subgroup of PGU(3, q) have given rise to many examples of maximal function fields. Since all maximal subgroups of PGU(3, q) are known, subgroups of these and the corresponding fixed fields have been studied in various papers, see for example [1, 3, 10, 22] . One such maximal subgroup arises by considering the stabilizer of a rational place of H. This maximal subgroup, its subgroups and the corresponding fixed field of H have for example been studied in [3, 10] . Another maximal subgroup of PGU(3, q), which we will denote by M ℓ , arises by considering the stabilizer of a chord ℓ. A full description of the subgroups of this group was given in [6] for even q and in [23] for q ≡ 1 (mod 4). Many genera of maximal function fields have been obtained in this way, adding to the understanding of the genus spectrum of maximal curves. For q ≡ 3 (mod 4) a complete list of subgroups is not known.
In [11] Giulietti and Korchmáros [11] introduced a new family of maximal function fields (GK function fields) over finite fields F q 6 , which are not subfields of the Hermitian function field over the corresponding field for q > 2. Therefore considering subfields of the GK function field, can give rise to new genera of maximal function fields. Such examples were found in for example [8] . Later, the GK function field was generalized in [9] to a family of maximal function fields over finite fields F q 2n with n odd. These maximal function fields are often called the Garcia-Güneri-Stichtenoth (GGS) function fields. All subgroups of the automorphism groups of these fields were classified in [2] , but before that several subfields were already determined in [15] .
Recently a second generalization of the GK function field was discovered [4] . As for the GGS function field, for each odd n a maximal function field K n was found with constant field F q 2n . Though the genus of K n is equal to the corresponding GGS function field, their automorphism groups are different. A preliminary study in [4] already revealed that new genera of maximal function fields can be obtained by considering fixed fields of subgroups of Aut(K n ). The current article expands upon these results and is the analogue of [2] for the second generalization K n of the GK function field. We are mainly interested in the cases that q is even or q ≡ 1 (mod q), since otherwise not even a complete list of subgroups of M ℓ is known. With this restriction, we construct many subgroups of the automorphism group of K n . If additionally gcd(q + 1, n) = 1, the list is complete.
The curve X n and its automorphism group
Throughout this paper p is a prime, q = p h with h ≥ 1 and n ≥ 1 is odd. Let K be the algebraic closure of F q 2n . We denote with X n ⊂ P 3 the algebraic curve defined by the following affine equations
where m := (q n + 1)/(q + 1). Further, let K n = K(x, y, z) with y q+1 = x q+1 − 1 and z m = y(x q 2 − x)/(x q+1 −1) be the function field of X n over K. The Hermitian curve H q ⊂ P 2 defined by the affine equation Y q+1 = X q+1 − 1, gives rise to the subfield H := K(x, y) of K n . The curve X n and its function field K n were constructed and studied in [4] , where it was shown that X n is a maximal curve when considered over the finite field F q 2n . Moreover, the full automorphism group of K n , and hence X n , was determined in [4] . More precisely, it was shown there that In particular, we have |Aut(K n )| = q(q 2 −1)(q n +1). Denote by O the set of q 3 +1 places of K n corresponding to the F q 2 -rational points of X n . The group Aut(K n ) acts on O in two orbits. One orbit, which we denote by O 1 , is formed by the q + 1 places R 1 ∞ , . . . , R q+1 ∞ of K n , centered at the q + 1 points at infinity of X n . We denote the other orbit O \ O 1 with O 2 . Denoting by Aut(K n ) P the subgroup of automorphisms fixing a place P of K n , we see from the Orbit Stabilizer Theorem that |Aut(K n ) P | = q(q 2 − 1)m for every P ∈ O 1 , while |Aut(K n ) P | = q n + 1 for every P ∈ O 2 . From [17, Theorem 11 .49], we deduce that for P ∈ O 1 we have Aut(X n ) P ∼ = E q ⋊ C (q 2 −1)m , where E q is an elementary abelian group of order q while C (q 2 −1)m is cyclic of order (q 2 − 1)m. Similarly for P ∈ O 2 , we have Aut(X n ) P ∼ = C q n +1 is cyclic. The orbits O 1 and O 2 are the only two short orbits of Aut(K n ).
Any automorphism of K n gives rise to an automorphism of H by restriction. Hence we have a group homomorphism π : Aut(K n ) → Aut(H). The restriction π(α a,b,ξ ) ∈ Aut(H) will be denoted by β a,b,ξ m . Note that β a,b,ξ m only depends on a, b and ξ m , justifying the notation. Note that M ℓ := π(Aut(K n )) is a maximal subgroup of Aut(H) ∼ = PGU(3, q) of cardinality (q 3 −q)(q +1). The notation M ℓ is motivated by the fact that this group consists exactly of those elements of PGU(3, q) that stabilize the line ℓ defined by T = 0 when using the homogeneous coordinates (X : Y : T ) for P 2 . We use several subgroups of Aut(K n ) very frequently in the sequel; see [4] for more details. First of all, define S ℓ := {α a,b,1 | a q+1 − c q+1 = 1}. It is a normal subgroup of Aut(K n ) of cardinality q 3 − q isomorphic to SL(2, q). Since π(S ℓ ) ∼ = S ℓ , we may identify these groups. Therefore, with slight abuse of notation we will denote them both by S ℓ . In this way, group S ℓ can be interpreted as a normal subgroup of M ℓ of index q + 1. A further subgroup that we will use frequently, is
Note that C m is a central subgroup of Aut(K n ) as well as a cyclic group of order m. As a result, the subgroup of Aut(K n ) generated by S ℓ and C m can be written as a direct product S ℓ × C m . Also note that any non-trivial element from C m fixes all q 3 + 1 places of K n , corresponding to the F q 2 -rational points of X n . Moreover, the fixed field of C m is precisely the function field H. The group Aut(K n ) also contains a cyclic group C q n +1 of order q n + 1, namely C q n +1 = {α 1,0,ξ | ξ q n +1 = 1.} Note that C q n +1 ∩ S ℓ = {α 1,0,1 }. Since S ℓ can be seen as a normal subgroup of Aut(K n ), this gives rise to the following semidirect product description:
Given a subgroup L ⊂ Aut(K n ), we obtain by restriction a subgroup π(L) of Aut(H). To easy the notation, we writeL := π(L). From the Second Isomorphism Theorem, we obtain thatL ∼ = L/(L ∩ ker π) ∼ = LC m /C m . In the sequel, we will write L m := L ∩ C m . In particular, we have |L| = |L| · |L m |. As a first result, we relate the genera of the fixed field of a subgroup L ⊂ Aut(K n ) with that of the subgroupL ⊂ Aut(H). This relation will give the first step in reducing the classification of the genera of Galois subfields of K n to that of the genera of Galois subfields of H containing the fixed field of M ℓ . For a subgroup L ⊂ Aut(K n ), we denote with K L n its fixed field and similarly HL denotes the fixed field ofL ⊂ M ℓ . Further a subgroup of Aut(K n ) or M ℓ is called tame, if it has order relatively prime to q.
where g L (resp. gL) denotes the genus of K L n (resp. HL). In caseL is tame, we have
Proof. First of all note that any place of HL ramified in the extension K n /HL needs to lie below a place in O, since O 1 and O 2 are the only short orbits of Aut(K n ). Moreover, since H = K Cm n , the fixed field of C m , we see that HL = K LCm n . Therefore, the extension K L n /HL is a Galois extension with cyclic Galois group LC m /L ∼ = C m /L m . Since any element of C m fixes all places in O, any place of HL lying below a place in O is totally ramified in the extension K L n /HL. Hence the number of places of HL that ramify in the extension K n /HL is equal to N . Since the extension degree [K n : HL] = m/|L m | is tame, the Riemann-Hurwitz theorem implies the first part of the theorem. Now suppose thatL is a tame subgroup. LetŌ denote the set of places of H corresponding to the F q 2 -rational points of H q . The above proof implies in particular that the places in O = O 1 ∪ O 2 are totally ramified in K n /H. This implies that the action of the subgroup L on O is equivalent to the one ofL onŌ. In particular, the number of orbits inŌ under the action ofL is the same as N , the number of orbits in O under the action of L. For a given place P of H denote its restriction to HL with PL. Moreover, let e(P |PL) denote the ramification index of P in the extension H/HL. Then we have
Here the summation PL is over all places PL of HL lying below a place inŌ. On the other hand, sinceL is tame, the Riemann-Hurwitz theorem applied to the extension H/HL implies that
Here we used that H has genus q(q − 1)/2. Combining these expressions and using that |O| = q 3 + 1, we can express N in terms of q, |L| and gL. Substituting this expression in the formula given in the first part of the theorem, we obtain the desired result.
Remark 2.2. The proof of Theorem 2.1 implies that N can be computed given onlyL, since N is equal to the number of orbits inŌ, the set of places of H corresponding to the F q 2 -rational points of H q , under the action ofL. Note that the group M ℓ acts on the places of H with two short orbitsŌ 1 andŌ 2 given by the places lying below those in O 1 and O 2 respectively.
The above remark shows that once a groupL ⊂ M ℓ is given, the number of orbits N can be determined. The only data from L that is needed in order to compute g L is that cardinality of L m = L ∩C m . Our strategy in the classification of all possible genera g L is to classify all possible genera gL and number of orbits N for subgroupsL ⊂ M ℓ , and then to study what the possibilities for |L m | are for a givenL ⊂ M ℓ . In order to do this, we study certain subgroups of L. We first define two maps used to analyze the situation.
Then the following hold:
The point of this lemma is that a group L gives rise to a triple of groups (L 0 , L 1 ,L), with certain properties that at least partially determine L. The following theorem gives a partial converse.
with the indicated properties be given and denote with η a generator of the cyclic group L 0 . Then
We set g 0 = α 1,0,1 to be the identify element of Aut(K n ). Now consider the set
First of all, we claim that L is a subgroup of Aut(K n ). Indeed, choose two elements from L, say g i l 1 and g j l 2 , where l 1 , l 2 ∈ L 1 . Further choose an integer k such that 0 ≤ k < s and i − j ≡ k (mod s). To show that L is a group, all we need to show is that the element g := g
On the other hand by choice of k,ρ(π(g)) = ζ i−j−k = 1, with together with the previous implies that
Combined with the previous and the assumption that
just as we wanted to show. This concludes the proof of the claim that L is a subgroup of
, where g i is as in the previous and l 1 ∈ L 1 . If g i l 1 ∈ S l × C m , thenρ(π(g i l 1 )) = 1, but on the other handρ(π(g i l 1 )) = ζ i . Since 0 ≤ i < s and ζ has order s, this implies that i = 0. But then
On the other hand, the mapρ restricted toL has image L m 0 and kernel preciselyL ∩ S ℓ . Therefore, we obtain
Proof. It is easy to see that if L 0 is a cyclic group of order m, then L m 0 has cardinality m/ gcd(r, m). This proves the first statement. Since S ℓ can be interpreted as a subgroup of Aut(K n ), the same is true forL
by the first part. Theorem 2.5 can therefore be applied.
but it need not be the whole group. For the group L constructed in the proof of Theorem 2.5,
Other groups L giving rise to the triple may exist such that L m and L 0 ∩ µ m do not have the same cardinality. In view of Theorem 2.1, the cardinality of L m is important when calculating possible genera g L of the fixed field of L and the groups constructed in Theorem 2.5 may not give rise to a complete list of possible genera g L . However, as we will show now in some cases all genera will already be obtained using the groups constructed in Theorem 2.5.
Proof. Theorem 2.1 implies that the genus of g L depends on data involvingL, but otherwise only on the cardinality of 
, which is what we wanted to show.
Note that the condition gcd(s, m/|L m |) = 1 is automatically satisfied in case gcd(m, q + 1) = 1, since s divides q + 1. Hence we can classify all possible genera g L in terms of subgroupsL of M ℓ if gcd(n, q + 1) = 1. If this condition is not satisfied, we obtain many, but potentially not all, possible genera g L . In the next section, we now turn our attention to a description of subgroups of M ℓ when q is even or q ≡ 1 (mod 4) as well as their combinatorial dates needed to apply Theorem 2.1.
Some preliminary results on M ℓ and PGU(3, q)
The Hermitian curve H q can be seen as the set of points P = (X :
, that is, as the set of isotropic points of P 2 = P 2 (K), where K =F q 2 , with respect to the unitary polarity defined by the Hermitian form Y q+1 − X q+1 + Z q+1 . In particular, given a point P = (a : b : c) in P 2 then its polar line ℓ with respect to H q is defined as ℓ : −a q X + b q Y + c q Z = 0. If P ∈ H q then ℓ is the tangent line of H q at P , otherwise P ∈ ℓ and ℓ is (q + 1)-secant line at H q . The couple (P, ℓ) is called a pole-polar pair (with respect to H q .
Using this geometrical point of view, the following lemma describes how an element in PGU(3, q) of a given order acts on P 2 , and in particular on H q . This can be obtained using the usual terminology of collineations of projective planes. In particular, a linear collineation σ of P 2 is a (P, ℓ)-perspectivity if σ preserves each line through the point P (the center of σ), and fixes each point on the line ℓ (the axis of σ). A (P, ℓ)-perspectivity is either an elation or a homology according to P ∈ ℓ or P / ∈ ℓ, respectively. A (P, ℓ)-perspectivity is in P GL(3, q 2 ) if and only if its center and its axis are in P 2 (F q 2 ).
For a nontrivial element σ ∈ PGU(3, q), one of the following cases holds.
(A) ord(σ) | (q + 1) and σ is a homology, whose center P is a point of P 2 (F q 2 ) \ H q and whose axis ℓ is a chord of H q (F q 2 ) such that (P, ℓ) is a pole-polar pair.
(B) p ∤ ord(σ) and σ fixes the vertices P 1 , P 2 , P 3 of a non-degenerate triangle T ⊂ P 2 (F q 6 ).
(C) ord(σ) = p and σ is an elation, whose center P is a point of H q (F q 2 ) and whose axis ℓ is tangent to H q at P such that (P, ℓ) is a pole-polar pair.
(D) either ord(σ) = p with p = 2, or ord(σ) = 4 with p = 2; σ fixes a point P ∈ H q (F q 2 ) and a line ℓ which is tangent to H q at P , such that (P, ℓ) is a pole-polar pair.
(E) ord(σ) = p · d, where 1 = d | (q + 1); σ fixes two points P ∈ H q (F q 2 ) and Q ∈ P 2 (F q 2 ) \ H q ; σ fixes the line P Q which is the tangent to H q at P , and another line through P which is the polar of Q.
In the following we will refer to an element σ ∈ PGU(3, q) to be of type (A), (B), (C), (D) or (E) as in Lemma 3.1.
Let P be the point with homogeneous coordinates (0 : 0 : 1) and let ℓ : Z = 0 be the polar line of P . The maximal subgroup M ℓ of PGU(3, q) fixing P (equivalently ℓ) has order q(q 2 − 1)(q + 1) and it is given by the following matrix representation
An element σ ∈ M ℓ will be identified with the triple [a, c, τ ], see [4] . The group M ℓ has a normal subgroup of index q + 1 given by
The center of M ℓ is given by
, and ǫ q+1 = 1 primitive.
Furthermore, M ℓ does not contain elements of type (B3) and (D) since the do not fix any point in
If q is odd then M ℓ can be written as S ℓ ⋊ C q+1 where C q+1 is generated by an element of type (A) whose center is an F q 2 -rational point Q ∈ ℓ \ H q , see [22] . If q ≡ 1 (mod 4) then defining Z 1 to be the subgroup of Z of order (q + 1)/2, then Z 1 ∩ S ℓ is trivial and
The complete list of subgroups of M ℓ up to isomorphism is known for p = 2 and q ≡ 1 (mod q), see [6] and [23] respectively. Since later, we will need these groups for a case by case analysis, we list them in the following two lemmas. A group C e will denote a cyclic group of order e. In the first of the two next lemmas, the groups C w can always be seen as a subgroup of Z. h where h ≥ 1 and let w be an arbitrary divisor of q + 1. The following is the complete list of subgroups of M ℓ up to isomorphism.
2. SL(2, 2) × C w where either h is even or 3 ∤ w;
where h is odd and 3 k ||w;
4. SL(2, 2 f ) × C w , where f > 1 and f | h;
is a dihedral group of order 2t with t | (q − 1);
6.
A 5 × C w and h is even; 7. A 4 × C w and h is even;
10. groups fixing a self-polar triangle T = {P 1 , P 2 , P 3 } ⊆ P 2 (F q 2 ) \ H q (F q 2 ) fixing P = P 1 and acting transitively on T \ {P 1 };
groups fixing a self-polar triangle
Furthermore, ifL ≤ M ℓ is a subgroup of type 1-9 thenL ∩ Z is isomorphic to C w .
In the next lemma we list the subgroups of M ℓ in case q ≡ 1 (mod 4). The mentiond groups C w can be identified with subgroups of Z 1 .
Lemma 3.4. [23]
Let p an odd prime, q = p h with h ≥ 1, q ≡ 1 (mod 4) and let w be an arbitrary divisor of (q + 1)/2. The following is the complete list of subgroups of M ℓ up to isomorphism. 
k−1 ||w, and Q 8 is the quaternion group of order 8;
is a dicyclic group of order 4d and 
where k | h and h/k is odd;
13. groups fixing a self-polar triangle T = {P 1 , P 2 , P 3 } ⊆ P 2 (F q 2 ) \ H q (F q 2 ), with P = P 1 pointwise;
14. groups fixing a self-polar triangle T = {P 1 , P 2 , P 3 } ⊆ P 2 (F q 2 ) \ H q (F q 2 ) fixing P = P 1 and acting transitively on T \ {P 1 };
15. groups fixing a point R ∈ H q (F q 2 ) ∩ ℓ.
Furthermore ifL ≤ M ℓ is a subgroup of type 1-12 or of type 15 thenL ∩ Z 1 is isomorphic to C w .
With these preliminaries in place, we proceed by analyzing the cases q even and q ≡ 1 (mod 4) in the following two sections. 4 The case q even: determination of the number of orbits N Let q = 2 h with h ≥ 1. The genus of H q /L withL ≤ M ℓ was computed in [6, Section 4] . However, in case the characteristic divides the order ofL, we also need to know the number N ofL-orbits inŌ 1 ∪Ō 2 before being able to apply Theorem 2.1. By revisiting the genus computations in [6, Section 4], we achieve this in the current section. We will denote with N i the number of orbits ofL in its action onŌ i with i = 1, 2, so that N = N 1 + N 2 . In the followingL Z will denoteL ∩ Z and w = |L Z |.
We now proceed with a case-by-case analysis forL according to Lemma 3.3. Note that ifL is a group of order coprime with p then we only need to know gL in order to compute N according to Theorem 2.1. Therefore, we will not address Cases 9 and 11 from Lemma 3.3 in this section.
Proof. The computation of gL was given in [6, Proposition 4.4] . By Lemma 3.1 (C)L fixes exactly one point P 1 ∈Ō 1 ,L Z = C w fixesŌ 1 pointwise from Remark 3.2 and every other element inL has exactlyP 1 as its unique fixed point from Lemma 3.1 (E). This implies thatL has an orbit of length 1 inŌ 1 and from the Orbit Stabilizer Theorem it acts onŌ 1 \ {P 1 } with orbits of length 2 f , as |LQ| = |L Z | and 2 f = |L|/|L Z | for everyQ ∈Ō 1 \ {P 1 }. AlsoL acts with long orbits onŌ 2 since no elements inL fix points inŌ 2 . This shows that
Let L ≤ Aut(X n ) and letL = SL(2, 2) × C w where C w =L Z and either h is even or 3 ∤ w. Then • If h is even, that is, 3 | (q − 1) thenL acts on the two fixed points of its unique subgroup D of order 3 which is of type (B2) from Lemma 3.1. Also these points are inŌ 1 since they are points of ℓ. The 3 involutions ofL each fix a point ofŌ 1 . since these involutions do not commute with the elements of order 3 in D these points are mutually distinct.
ThusL/L Z = SL(2, 2) acts with orbits of length 6 on the remaining points ofŌ 1 . In this way we get that
6 . SinceL contains no elements fixing a point inŌ 2 we get also that
w .
• Let h be odd and 3 | |L Z |. The three involutions ofL each fix a point inŌ 1 , while the stabilizer in L of one of the remaining points inŌ 1 isL Z since now D is generated by an element of type (B1).
6 . As recalled, the two elements of order 3 inL are of type (B1) and hence fix pointwise a self-polar triangle T having ℓ as a side. From the proof of [6, Proposition 4.2], L contains 2 other subgroups of order 3 and hence a further 4 elements of order 3 which turn out to be of type (A). Each of the subgroups of order 3 fix a different side of T . Also, these sides are both different from ℓ. This implies thatŌ 2 contains a set of 2(q + 1) points, the points of intersection of the two sides of T with H q , on whichL acts with stabilizer of order 3, and hence with orbits of length 2|L Z |. Moreover from [6, Proposition 4.2]L acts with long orbits on the remaining q 3 − q − 2(q + 1)
points ofŌ 2 . This shows that
.
• Let h be odd and 3 ∤ |L Z |. As before, the three involutions ofL fixes exactly 3 distinct points which are inŌ 1 , while the stabilizer inL of one of the remaining points inŌ 1 isL Z . Hence
6 . The difference in this case is that from the proof of [6, Proposition 4.2] no elements inL fix a point inŌ 2 , implying that
Proof. The genus gL was computed in [6, Proposition 4.9] and according to its computation we can determine the action ofL onŌ 1 ∪Ō 2 according to h/f odd or h/f even.
• Let h/f be odd. 
, and
• Let h/f be even. Then 2 2f − 1 divides q − 1 and hence all the elements of odd order in SL(2, 2 f ) are of type (B2) from Lemma 3.1. Since SL(2, 2 f ) contains exactly 2 f + 1 Sylow 2-subgroups, it has an orbit of length 2 f + 1 onŌ 1 given by the corresponding fixed points. The elements of order 2 f + 1 fix two points onŌ 1 , and hence from the Orbit Stabilizer TheoremŌ 1 contains also a set of 2 f (2 f − 1) points whose stabilizer has order 2 f + 1. AlsoL acts semiregularly onŌ 2 and with orbits of length 2 f (2 2f − 1) on the remaining (q + 1)
Lemma 4.4. Let L ≤ Aut(X n ) and letL = D 2t ×C w where D 2t is a dihedral group of order 2t with t | (q −1) and C w =L Z . Then
Proof. The genus gL was already computed in [6, Proposition 4.5] . Furthermore,L/L Z has an orbit of length 2 given by the two fixed points on ℓ of its unique cyclic subgroup of order t, which is of type (B2) from Lemma 3.1. SinceL contains exactly t involutions, andL acts transitively on the set of its involutions, L/L Z has another orbit inŌ 1 of length t given by their fixed points. In the set of the remaining points in O 1 ,L/L Z acts with orbits of length 2t. Hence
. SinceL acts semiregularly on 
Also,
Proof. The genus gL was already computed in [6, Proposition 4.7] . From its proof the action ofL onŌ 1 ∪Ō 2 is depending on whether 5
• • Let 5 | (q + 1) but 5 ∤ |L Z |. As before,L has one orbit of length 5 inŌ 1 given by the fixed points of its Sylow 2-subgroups and no other elements inL apart from the ones inL Z fix other points inŌ 1 or inŌ 2 . Hence N 1 = 1 + (q+1) −5 60 , and
• Let 5 | |L Z |. The action onŌ 1 is the same as for the previous case since again 5 | (q + 1) and the elements of SL(2, q) are characterized just by their orders from Lemma 3.1 and the fact that SL(2, q) contains no elements of type (A). Now the 24 elements of order 5 inL ∩ SL(2, q) are of type (B1) and hence fix pointwise 6 distinct self-polar triangles T 1 , . . . , T 6 having ℓ as a common side. From the proof of [6, Proposition 4.7] ,L contains other 2 subgroups (and hence 8 elements) of order 5 which are of type (A) and fix distinct sides of T 1 , . . . , T 6 respectively, and these sides are all different from ℓ. This implies thatŌ 2 contains a set of 12(q + 1) points, the points of intersection of the 2 sides of T i with H q (F q 2 ) for every i = 1, . . . , 6, on whichL acts with stabilizer of order 5, and hence with orbits of length 12|L Z |. MoreoverL acts with long orbits on the remaining q 3 − q − 12(q + 1) points ofŌ 2 . This
. Lemma 4.6. Let h be even and L ≤ Aut(X n ) and letL = A 4 × C w , where C w =L Z and h is even. Then gL = q 2 − qw + 4w − 3q − 4 24w , and N = q + 20 12
Proof. The genus gL was already computed in [6, Proposition 4.6] . From its proof the action ofL onŌ 1 ∪Ō 2 can be described as follows. SinceL has a unique Sylow 2-subgroup,L fixes a point inŌ 1 . Also the 4 subgroups ofL/L Z of order 3 are of type (B2) from Lemma 3.1 and each of them fix another point onŌ 1 . This shows thatL has a fixed point and one orbit of length 4 onŌ 1 and since the unique subgroup ofL fixing at least another point in the remaining (q + 1) − 1 − 4 points ofŌ 1 isL Z , we get thatL acts with orbits of length 12 on the set of the remaining points ofŌ 1 . SinceL has no other elements fixing points in H q , it acts semiregularly onŌ 2 . Hence N 1 = 2 +
Proof. The computation of gL was given in [6, Proposition 4.8]. HereL fixes exactly one pointP 1 ∈Ō 1 , and the elements of order d inL have exactly another fixed point inŌ 1 since they are of type (B2) from Lemma 3.1. This implies thatL has an orbit of length 1 inŌ 1 and from the Orbit Stabilizer Theorem it has another orbit of length |L|/d|L Z |, while it acts on the remaining (q + 1) − 1 − 2 f elements inŌ 1 with orbits of length 2 k d. AlsoL acts with long orbits onŌ 2 as no elements inL fix points inŌ 2 . This shows
From Lemma 3.3 to complete this section we need to analyze the caseL fixes a self-polar triangle
either fixing P = P 1 and acts transitively on T \ {P 1 } or fixing T pointwise. We recall that the stabilizer of T in PGU(3, q) is isomorphic to (C q+1 × C q+1 ) ⋊ S 3 , where C q+1 × C q+1 fixes T pointwise while S 3 acts faithfully on T , see [16] and [20] . ForL ≤ (C q+1 × C q+1 ) ⋊ S 3 letL T be the subgroup ofL fixing T pointwise. In Case 10 of Lemma 3.3 clearlyL T has index 2 inL. Proposition 4.8. (see [6, Proposition 3.3] ) Let q be even. Let T = {P, P 1 , P 2 } be a self-polar triangle in
(i) Let a, w, and e be positive integers satisfying e | (q + 1) 
(ii) Conversely, letL ≤ ((C q+1 × C q+1 ) ⋊ S 3 ) ∩ M ℓ andL T has index 2 inL. Define e = |L|/2, a to be the order of the subgroup of homologies ofL with center P 1 , which is equal to the order of the subgroup of homologies inL with center P 2 , and w = |L Z |. Then a, w and e satisfy the numerical assumptions in point (i) and the genus gL is given by Equation (1).
Remark 4.9. Let t and w be divisors of q + 1 and define a = gcd(t, w) and e = tw. It is not hard to see that these numbers satisfy the numerical conditions in (i) Proposition 4.8. Conversely any triple a, w, e is obtained in this way by choosing t = e/w. Equation (1) reads, gL = (q + 1)(q − 2 gcd(t, w) − w − t + 1) + 3tw 4tw .
Lemma 4.10. LetL ≤ (C q+1 × C q+1 ) ⋊ S 3 such that |L| = 2e = 2tw andL T has index 2 inL and w = |L Z |. ThenL/L Z is a dihedral group of order 2t.
Proof. SinceL T has index 2 inL,L fixes a vertex P ∈ T and acts transitively on T \ {P }. In particularL is a subgroup of (
which is a dihedral group of order 2(q + 1). SinceL/L Z is not abelian, it is a dihedral group of order 2t.
Lemma 4.11. LetL be as in Proposition 4.8 and define t = e/w. Then
Proof. From Lemma 4.10L/L Z is a dihedral group of order 2t. HenceL/L Z contains exactly t involutions and it acts on the subset ofŌ 1 given by their fixed points. From Proposition [6, Proposition 3.3]L acts with orbits of length 2t on the remaining points ofŌ 1 . This shows that
. The only elements inL that fix points inŌ 2 are the ones contained in the two groups of homologies of order gcd(w, t) and they fix a set of q + 1 points respectively on whichL (from the Orbit Stabilizer Theorem) acts with orbits of length 2tw/ gcd(w, t). HenceL is semiregular on the remaining q 3 − q − 2(q + 1) points inŌ 2 . Hence,
. 
With the notation of [12, Section 9] the subgroup S ℓ ⋊ β is also denoted by SU ± (2, q), meaning that S ℓ ⋊ β consists of the elements of M ℓ with determinant 1 or −1; here, the determinant of an element α ∈ M ℓ is the determinant of the representative matrix of α having entry 1 in the third row and column.
In this section, for anyL ≤ M ℓ , we will use the notationL Z1 =L ∩ Z 1 and w = |L Z1 |. The complete list of subgroupsL ≤ M ℓ is given in Lemma 3.4. However, in the cases in whichL is tame the genus g L can be computed directly from gL without having to compute N . The values of gL can be found in [23] and will not be reproduced here. We proceed by computing N in the remaining, non-tame cases. That is to say, in Cases 1 with p = 3, 7, 8, 12, and 15 from Lemma 3.4.
Lemma 5.1. Let p = 3 and L ≤ Aut(X n ) be such thatL = SL(2, 5) × C w , where C w =L Z1 and q 2 ≡ 1 (mod 5). Then
Proof. The genus gL is computed in [23, Proposition 3.4] . According to its proof we can describe the short-orbits structure ofL in its natural action on H q (F q 2 ).
• 
• Let 5 | (q + 1) but 5 ∤ w. As before, since SL(2, 5) contains 10 cyclic groups of order p = 3,L contains a short orbit of length 10 inŌ 1 given by the corresponding fixed points. Now the cyclic groups of order 5 acts semiregularly on H q (F q 2 ) as they are of type (B1) from Lemma 3.1. HenceL has exactly one short orbit onŌ 1 of length 10 and acts with orbits of length 60 elsewhere as its unique involution fixesŌ 1 pointwise. SL(2, 5) acts semiregularly onŌ 2 . Hence N 1 = 1 + q+1−10 60 = q+51 60 , and
5w .
• Let 5 | w. As before, since SL(2, 5) contains 10 cyclic groups of order p = 3,L contains a short orbit of length 10 inŌ 1 given by the corresponding fixed points. Now the cyclic groups of order 5 acts semiregularly on H q (F q 2 ) as they are of type (B1) from Lemma 3.1. HenceL has exactly one short orbit onŌ 1 of length 10 and acts with orbits of length 60 elsewhere as its unique involution fixesŌ 1 pointwise. SL (2, 5) 
Proof. The genus gL was computed in [23, Proposition 3.9] . From its proof we can describe the short-orbits structure of the groupL. We will distinguish two cases.
• Assume that r is even. Hence
• Let r be odd. 
and
Proof. The genus gL is computed in [23, Proposition 3.10] and from its proof the short orbit structure ofL on H q (F q 2 ) can be described. The short orbit structure of the subgroup SL(2, p k ) ×L Z1 was already described in the proof of Lemma 
where
Proof. The genus gL is computed in [23, Proposition 3.15] . From its proof and the proof of Lemma 5.2 the short orbits structure ofL on H q can be described. The number of Sylow p-subgroups of SU ± (2, q) is the same as the number of Sylow p-subgroups of SL(2, p k ), henceL has a short orbit θ of length p k + 1 contained inŌ 1 . The stabilizer of a pointR ∈Ō 1 \ θ in SL(2, p k ) has order 2. The order of the stabilizer ofR in SU ± (2, p k ) can grow if and only if there exists an element α ∈ SU ± (2, p k ) \ SL(2, p k ) fixingR. If α is of type (B2) or (E) then α 2 , which is in SL(2, p k ), fixes exactly two points in θ. If α is of type (B1) then it acts without fixed points onŌ 1 . If α is of type (A) then it has no fixed points onŌ 1 unless α is central and hence in SL(2, p k ), a contradiction. This shows that SU ± (2, p k ) acts with orbits of length |SU ± (2, q)|/2 = |SL(2, p k )| onŌ 1 \ θ. SinceL Z1 acts trivially onŌ 1 the length of the orbits ofL onŌ 1 is the same as the length of the orbits of SU ± (2, p k ). Hence
. From the proof of [23, Proposition 3.15] we have that, even though SL(2, p k ) acts semiregularly on O 2 , SU ± (2, p k ) contains p k (p k − 1) elements of type (A) and order 2 fixing q + 1 distinct points onŌ 2 . Also, combining this with the proof of Lemma 5.2, this set of points can have a non-trivial stabilizer in SL(2, p k ) ×L Z1 of order gcd(p k + 1, w) given by elements of type (A) having the same axis and center as the described elements of order 2 in SU ± (2, p k ). Hence the stabilizer has order 2 gcd(p k + 1, w) in this case. ThereforeŌ 2 contains a set of p k (p k −1)(q +1) points on whichL acts with orbits of length |L|/2 gcd(p k + 1, w) = |SU ± (2, p k )|w/2 gcd(p k + 1, w) = |SL(2, p k )|w/ gcd(p k + 1, w). Moreover,L acts semiregularly elsewhere inŌ 2 . Hence,
At this point we are left with Case 15 from Lemma 3.4. In this case the genus gL is computed in [10] and [3] .
The following lemma is a consequence of Corollary 4.5 in [10] and the subsequent observations. 
Proof. SinceL fixesR it has the short orbit {R} of length 1 inŌ 1 . From the proof of [10, Theorem 4.4] one can derive directly that the sum of the number of fixed points of the elements inL when acting on the remaining q 3 points inŌ 1 ∪Ō 2 is equal to q 3 + |L| + d(q − p u ) − q. Using Burnside's lemma we obtain
Remark 5.6. Note that it is not true that for any m | (q 2 − 1) and u ≤ h, there exists a subgroup of PGU(3, q) fixing R of order mp u . A full classification of the possible subgroups has been carried out in [3] . However, the genera one would obtain using such subgroups and Theorem 2.1 are already obtained in [2] .
New genera for maximal function fields
In this section, we give several examples of new genera of maximal function fields. New means that for the indicated finite fields, these genera cannot be constructed using methods or results from [1, 2, 3, 5, 6, 7, 8, 10, 13, 14, 15, 19, 22, 23] . Note that for q ≡ 1 (mod 4), a complete list of subgroups of the automorphism group of the Hermitian curve is known as well as the corresponding genera. Therefore all new genera correspond to function fields that cannot be Galois covered by the Hermitian curve. 
